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Multiscale problems

* Physical parameters (e.g. permeability, fractures, ... ) with multiple scales & high contrast
» Simulations need fine grid to resolve heterogeneities, which is computationally expensive
* Accurate coarse-grid models are necessary
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Model coarsening

Use a coarse grid, which does not resolve scales and contrasts
Coarse-grid computational model is constructed by local simulations
Coarse grid size is fixed, and is chosen according to computational concerns

Model enhancements can be done by offline or online model updates
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A model problem

e Consider the multiscale problem

—V - (kVu)=f in Q
u=0 on 0f)

where k(x) is a high contrast multiscale coefficient,
and f(x) is a given source function

* Develop coarse-grid model based on rigorous
mathematical analysis

* Challenges:

 How to add more degrees of freedom per
coarse element

* How to identify channels and localize their
effects



Local multiscale basis functions

e Auxiliary multiscale functions: spectral problem on each coarse cell K (coarse d.o.f)

a’K(an ’UJ) — )\SK(Qb, ’UJ)

ox(6,0) = [ K96V, sk(@w) = [ Fow
)

- : K) ., . : : : K
* Each auxiliary function qbz( will give a multiscale basis function wfmﬁ

* Perform constraint energy minimization on oversampled region

MiNy,e f (K +) / K| V|’

K+

with constraints  sg (0, (béK)) =0y and  Sy(1, ¢é‘])) =0

Chung, Efendiev and Leung, 2018




Decay of basis functions and error bound

* Basis functions have exponential decay property for high contrast media

* This gives the size of the oversampled region, which is O (log(x./H) )

* Error bound independent of scales and contrasts of the media

lu—unly S HAH|f[l;  where A =min\,

assuming [l basis functions are constructed for the coarse cell K



Eigenvalues and channels

 Number of small eigenvalues is related to high contrast channels
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Example .

* Consider a high contrast heterogeneous coefficient k /jjj ]
* Error for different choices of coarse grid sizes -
Number basis per K H # oversampling coarse layers Lserror | energy error
3 1/10 3 0.33% 3.73%
3 1/20 | 4 (log(1/20)/log(1/10)*3=3.9031) | 0.047% 1.17%
3 1/40 | 5 (log(1/40)/log(1/10)*3=4.8062) | 0.010% 0.47%
3 1/80 | 6 (log(1/40)/log(1/10)*3=5.7093) | 0.0015% 0.15%

* Error for different numbers of basis functions

Number basis per element H # oversampling coarse layers | Loerror | energy error
1 1/10 4 77.30% 87.07%
2 1/10 4 30.21% 49.66%
3 1/10 4 24.27% 44.46%
4 1/10 4 0.11% 1.50%
5 1/10 4 0.08% 1.26%




Online model enrichment

Online basis functions™ [ by solving local problems using local residuals

a(ﬁ, ’U) —I— 8(7'('5, 7T’U) = ’]“K+ (’U) (Solve in oversampled region)

e Adaptive enrichment: fixed 0 < 8 < 1, start with offline basis functions

- Compute a solution u!7” € V™

* Compute local residuals 9;

* Choose k coarse cells using the condition Z &7 < 9252

 Compute basis, and repeat i=k+1 =1
Convergence 11
theory: lu — o )||Z S (E-|—9)||u_u%7’b)||62l o

(where E — 0 exponentially when oversampling size increases)

*Chung, Efendiev and Leung, 2018



Example

* Consider a high contrast heterogeneous coefficient k

e Error for uniform enrichment (6 = 0)

Number of offline basis | online iteration | oversampling layers | Lo error | energy error
3 0 2 30.01% 82.57%
3 1 2 0.0066% 0.0030%
3 2 2 4.45e-07% | 1.22e-07%

* Error for adaptive enrichment (6 = 0.1)

Number of offline basis | DOF | oversampling layers | Lo error | energy error
3 300 2 30.01% 82.57%
3 356 2 8.68% 22.06%
3 378 2 4.87% 5.41%
3 392 2 4.46% 1.50%




Upscaling: motivated by multiscale ideas

meaning, e.g. average solutions in each continua

In general
K) (K
um =D U i
K ¢

If we define the basis functions such that

K
/ wé,mi — Umt T~
K"l

Then we have

/ Ug = uﬁf)
Kﬂl

* This motivates the constraint energy minimization for basis construction

K,

Define local basis functions such that coarse degrees of freedoms have physical




Example 1

* Consider a poroelastic problem in
fracture porous media

a % + 04861}
maat o ot
af (';?tf + 5 div(bs gradps) +n¢B(Pf — Pm) = fr- x €7,

—div(o(u) — apnZ)+rips =0, z €.

— diV(bm gradpm) + nmﬁ(pm _pf) — fma S Q,

Coupled poroelastic in fractured media (Qn, P, u)

Fluid flow
(P, P)

* where p,, and pr are matrix and fracture k H.
ressur c
pressures o e

* uis the displacement field

Vasilyeva, Chung, Efendiev and Kim, 2019



Constraints

* Pressure basis functions (matrix)

[ whaw=s, [ vhas=0, 1=TT;
K;

* Pressure basis functions (fracture)

wl dx =0 _/ Y1 ds = 6ij0m1, m=1,Lj,

* Displacement
(1) X-component, 1% :

K, K;

j J

(2) Y-component, ¥¥>* :

where

()

K] N fy(l)



Basis function: local problems with constraints

Local problem for
pressure basis

(A'm: + QK: —(QI{"+ CZ;
_QKj” A;{f + QK:* 0

Cn 0 0

\ 0 Cy 0

The matrices C;, and Cr

define the constraints
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Local domain K*

Pressure basis functions

Displacement uy basis function Displacement uybasis function



Results

K®| e €y, ey

Coarse grid 20 x 20 ’

4.740 86.865 82.598
0.723 43.721 37.034
0.369 6.716 4.668
0.359 2.718 2.854

Fine

A ON =

Coarse grid 40 x 40

1.986 96.667 95.454
0.191 78.718 74.957
0.174 30.550 25.220
0.158 4.1302 3.321

0.157 1127 1.233

O P~ WON—

Fine problem size: 59394
Coarse problem size: 1393 (20x20), 5165 (40x40)



Example 2

* Consider geothermal systems e
AR e
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Vasilyeva, Babaei, Chung, Alekseev, 2019



* Flow equations

m g T Sm ——— 6t — div (km grad pm) + rms = gb, T € £2,
Opy oTy

af 5 —8f 5 —div (ks gradps) —7fm = g%, T €7,

* Heat transfer equations

OT'm

(cp)ma— + (¢p)w div(gmTm)

—div(Am grad Ton) + Lim ¢ = (¢p)wgm, € £2,

0T
(cp) s W + (¢p)w div(gsT¥)

— div(\f grad Tf) — Lym = (cp)wgf, €7,



Results

e Consider a domain with 1000 fracture lines
* Fine grid has 26,935 DOFs and coarse grid has 5,104 DOFs
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Geometry 2

Error at the final time

C
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0.113
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Nonlinear upscaling

* Local nonlinear maps instead of basis functions

* Consider a nonlinear multiscale problem
U, + G(z,U,VU) = g

where G is a nonlinear multiscale operator
* (1) Identify macroscopic variables

* (2) Instead of basis function, we solve local problem, with constraints related to
the macroscopic variables, to obtain downscaling maps

¢+ G(x,0,Vo) = p Map: U — ¢
 (3) Obtain the coarse grid model



(K]

Choosing macroscopic variables é

.

B

K,

* These are typically average solutions on continua

* The variables {U}l’i}, for the i-th coarse element, j-th continua within the
element and n-th time step

* Our goal is to find a coarse-scale equation for these variables. The equation has
the following general form

—i —L

n+1, n,? _

J

* where @; is an average operator determined for the i-th coarse element and j-th
continua within the element

e L=norn+1



Local downscaling maps

* Computation of the average operator G]- needs local solutions

* Letc = {c,(,,ll)} be a set of values defined on continua: [-th element, m-th continua

* The local problem is defined as: find N.,(z;¢) such that

G(z, N, (z;c), VN, (z;¢c)) Z,u,(,)"((* M e in w;

m.l

subject to the constraints
/ Ny (z;e) o (z) = clh)
Uu"f b

* The above problem is solved on an oversampled region (using a fine mesh numerically)



Coarse-grid model

* The global downscaling function is defined using the macroscopic values
]:(U) = Z A’Tu,u Xwi

* To define the coarse-grid model, we approximate the solution as U =~ F(U) in
Ui+ Gz, U, VU) =g

and use the following variational form
o _ _ :
(:d—tf(U)' VH) + (G(Ia f(U)~ Vf([f)). VH) = (g* VH) (VH = test funCtlon)

* Applying time discretization

(FT@), Vi) — (FT™), Vi) + AHG(z, F(T ), VFT ")), Vi) = At(g, Vi)



Example

e Consider two-phase flow equations
—div(M(S)xVp) =g,
oS+V-(uf(S)) =g, u=—-AS)xVp

* This can be written in the general form as
0 (MU)+V-G(x,t,UVU) =g
* We define U = (§, P)
* The nonlinear operator G(x,U,VU) = (G,(x,U,VU)),G2(x,U,VU)) where

G,(x,U,VU) = (x(x)F(S)VP) G2(x,U,VU) = (x(x)A(S)VP)

* Also, we take MU = (S, 0)

Vasilyeva, Leung, Chung, Efendiev and Wheeler, 2019, 2020



* We will solve the following local problem to obtain downscaling function

* The oversampled domain wg is defined for each coarse edge E

* Given macroscopic values for pressure P = {Fi]}, for saturation S = {fi]}, we find
the local downscaling functions  (Npe,umse,Ns.g) by

x_l(g)u]n_g(g,l_))'v_ NP,E(E,I_))V‘VZOVV

= g —div(MS)xVp) = qp
V - (ums 3,1—’ w+ w=0 .
LY S E)wet f s i = —A(S)kVp
N,,,E(S',F)IKU-, = _,-. Constraint for pressure
L0 i
® V'(ums(gap)f(Ns,E(gap)))w+/(:) psw =0 alS+V'(uf(S))=q
E £

N, E(E, I_))IK.UT' o E;j Constraint for saturation



* We next find the coarse-scale equation by finite volume scheme
* Recall the equations
—div(A(S)xVp) =
oS+ V- (uf(S))=gq, u=—A(S)xVp.

* Applying finite volume scheme, and using the downscaling functions

Z / ums _’J Ve

ZT] m(Pn+ J Pn+ m) _ Q;H_ J EﬂaK
L L Wwhere Fi = At / FNseS" P 1)) tms,e (8", P - mp
onT1,] o'J " O £
aK Qn+1,] . (t n+1,1 At )
EnoKY) i g AUnis) jdulinst
[e]]l - 8‘]mall

* Note that the “fluxes” are nonlinear functions of saturations and pressures in
neighboring cells.



Saturation
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Learning coarse-scale models

* The coarse-scale models require solutions of local nonlinear problems
* These problems need to be solved on-the-fly
» Coarse edge values of the downscaling function are needed

* We can build a map between macroscopic values and the edge values of
downscaling functions, this map can be used to form the coarse-scale equation
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* Machine learning is helpful in building such map

* Training data can be obtained from simulations or measurements, lead to a data-driven
computational model

* We use ideas from deep neural networks, localized upscaling concepts lead to localized
network models
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Example

* Consider the two-phase flow problem in fracture media

—div(M(S)kVp) = g,
oS+ V- (uf(S)) =q, u=—A(S)xVp.

* Compute the relative permeabilities by deep neural
networks

| \
| 1 ] K+

| 1 —

L —
1}

Error Nonlocal, ML
MAE (%) RMSE (%)
Training
Jw 1.167 0.752
Jwp2 1.479 1.252
fw3 2.000 2.031
fwa 2.121 1.934
fws 1.161 1.067
Testing
Juw 1.163 0.827
fwp2 1.417 1.099
fw3 1.814 1.662
fwa 2.149 1.958
fws 1.093 0.939




Thank you



